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Abstract 
Numerical simulations are performed to study the effects of tangential slip velocity and volume fraction of slip spheres on the 
heat transfer characteristics of assemblages of slip spheres to a shear-thickening fluid of n = 1.4. Navier’s linear slip velocity 
boundary condition is applied at the fluid-solid interface and free surface cell model is used to estimate the effects of the adjacent 
particles. The governing equations are solved using a segregated approach. First continuity and momentum equations are 
numerically solved using a finite difference method based simplified marker and cell (SMAC) semi-implicit algorithm 
implemented on a staggered grid arrangement in spherical coordinates. To solve energy equation fully converged flow field is 
used as input. The present numerical solver is validated by comparison of present literature results with the existing literature 
values. Further new results obtained in the range of conditions as Reynolds number, Re: 0.1 – 200; Prandtl number, Pr: 1 – 100; 
volume fraction of slip spheres, ĭ: 0.1 – 0.5 and a dimensionless slip parameter, Ȝ: 0.01 – 100. Finally influence of these 
pertinent dimensionless parameters on isotherm contours and surface and average Nusselt numbers are thoroughly delineated. 
© 2015 The Authors.Published by Elsevier B.V. 
Peer-review under responsibility of the organizing committee of ICCHMT – 2015. 
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1. Introduction 
Flow over solid particles arises in several industrial applications which include fluidized and fixed bed reactors, 
catalytic cracking, sedimentation, and suspension flows [1]. In most of these processes, fluid dynamics amalgamate 
with heat transfer which plays a consequential part in the efficacy of their capability. The temperature distribution 
and flux between particle and fluid are kenned to affect many chemical reactions e.g. fluidization in pharmaceutical 
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process. Additionally, in the chemical, mineral and petroleum industries, the heat transfer between reactants and 
catalyst particle is decisive for the stable chemical reaction. To understand the comportment and heat/mass transfer 
characteristics of isolated particles several experimental, theoretical studies have been performed for a variety of 
particle shapes, flow parameters and boundary conditions. Many researchers have analyzed flow of Newtonian 
fluids past isolated particles of various shapes like spheres, spheroids, square, circular and elliptical cylinders, and 
other irregular geometries which are summarized by Clift et al. [2] and Michaelides [3] for free and force convection 
with on-slip velocity boundary condition at the fluid-solid interface. The heat transfer characteristics for flow past a
single sphere with no-slip velocity boundary at fluid-solid interface have been studied numerically [4-5] and 
experimentally [6] by many researchers.  Also there are number of literatures for the assemblages of spheres [7-8], 
packed beds [9], and fluidized beds [10-11]. But these literatures on heat/mass transfer study of flow past spherical 
particles are with no-slip velocity boundary condition. However, the slip velocity boundary condition at the fluid-
solid interface is also equally important for the flow in micro- and nano- channels, flow through porous media, 
lubrication, flow of polymeric solutions, motion of aerosol particles, and motion of particles in rarefied conditions, 
etc. Furthermore there are adequate experimental evidences available which prove that both Newtonian and non-
Newtonian fluids can slip over solid surfaces [12-13]. Luk et al. [14] experimentally observed wall slip in flows 
through tubes and packed beds. 
Navier [15] first proposed a linear velocity slip model for fluid slip on the solid surface. Taylor [16] theoretically 
investigated the effect of tangential slip velocity and temperature jump on heat transfer characteristics from an 
isolated sphere in a low Reynolds number flow for extreme values of Peclet numbers. Vasudeviah and Balamurugan 
[17] gave an analytical equation for the mean Nusselt number, where Reynolds number is less than one and Prandtl 
number of O(1). They used slip boundary condition in their analysis and neglected the temperature jump. Colin [18] 
has reviewed the heat transfer studies of slip flow in microchannels. In rarefied flow conditions, Strom and Sasic 
[19] investigated the effects of heat transfer on the motion of small particles at non-isothermal conditions and 
developed a suitable framework as a generic multiphase DNS method for rarefied flows. Mohajer et al. [20] carried 
out 3D numerical simulations of slip flow over impermeable, unconfined, immobile solid and spherical particles 
with variable properties. They stated that the temperature jump and tangential slip velocity on the fluid-solid 
interface affect heat transfer in opposing manner to each other. Finally to the best of authors’ knowledge, there is no 
literature on effect of slip velocity on the heat transfer from multiple slip spheres to a shear-thickening fluid and thus 
this work is aimed to fulfil this gap in the literature.  
2. Problem statement 
Consider assemblages of slip spheres of radius R uniformly dispersed in an unconfined shear-thickening fluid 
(of power-law behavior index, n = 1.4) flowing with a constant velocity Uo and uniform temperature To. The flow is 
assumed to be steady, and axisymmetric. Free surface cell model is chosen in order to account for the disturbance 
from neighboring particles. The Navier’s linear slip boundary condition is considered on the fluid solid interface in 
which slip velocity at the surface of solid is proportional to the shear stress as: Ĳrș = Ȝ × ȣș ; where Ȝ is a 
dimensionless slip parameter defined as Ȝ = (ȕR/Șapp); here ȕ is a scalar positive coefficient function of the slip 
coefficient. The continuity, momentum and energy equation are presented in their dimensionless form as follows: 
Continuity equation:  




V V P τ∇ ⋅⋅∇ = −∇ +                                                                                                                              (2) 
Energy equation: 
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where Ș is the dynamic viscosity of the fluids. The dimensionless numbers for power-law liquids are defined as 
follows: 
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where, n is the power-law behavior index, m is the power-law fluid consistency index and ȡ is the density of the 
fluid. The stress component and power-law viscosity are given as: 
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whereɉİ is second invariant of rate of deformation tensor which can be stated in terms of derivatives of velocity 
components. 
The free stream velocity Uo, have been used to scale velocity terms, radial distance by radius R, viscosity with 
m(Uo/R)n-1,  time using (R/Uo), pressure with ߩ୭ଶ, shear stress components with m(Uo/R)n, and the temperature 
difference (T – To) using (Ts – To) in equations (1) – (4). For this configuration, the dimensionless boundary 
conditions for the momentum part are same as in Kishore and Ramteke [21] whereas the thermal boundary 





along surface of slip sphere, outer cell and axis of symmetry respectively.  
The governing continuity and momentum equations (1–3) are numerically solved with the above mentioned 
boundary conditions to obtain converged velocity and pressure field. Then, using this velocity field energy equation 
(4) has been solved. 
 Once, temperature field is known, and then the surface Nusselt number (Nu) can be evaluated by equating the 
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The value of local Nusselt number, Nuș vary along the position (ș) at the surface of slip sphere (R = 1). Thus 







θ θ θ= ³         (7) 
3. Numerical Methodology 
In this work, a finite difference method centred SMAC semi-implicit algorithm has been used, which is an 
abridged version of MAC algorithm [22] executed on a staggered grid arrangement for the solution of mass and 
momentum equations. The pressure and velocity fields in fluid and solid phases have been numerically attained by 
solving equations (1) - (3) along with the suitable boundary conditions. Quadratic upstream interpolation for 
convective kinematics (QUICK) scheme due to Leonard [23] is used to discretize the convective terms and a second 
order central differencing is used to discretize the viscous terms. By using a false-transient time stepping method the 
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final steady state solution was obtained. Once the fully converged velocity and pressure fields have been obtained, 
using this velocity field, the temperature field is obtained by using a time-stepping procedure applied to the energy 
equation (4). The temperature profile in the external field is obtained with a similar implicit algorithm which uses 
the QUICK and second order central difference schemes, respectively, for the convective and the diffusive terms of 
the energy equation. 
3.1. Grid Study 
The influence of grid size on average Nusselt number of the assemblages of smooth slip spheres of volume 
fraction ĭ = 0.1 in a shear-thickening fluid of n = 1.4 at Re = 200 for extreme values of slip parameter has been 
presented in Table 1. From this table, it is observed that grids 60 × 30 and 60 × 60 produce almost identical values; 
however the CPU time for convergence with the grid 60 × 60 is more than that with the grid 60 × 30. Thus the 
moderately fine grid 60 × 30 has been preferred for all numerical simulations. 
Table 1. Dependence of grid size on Nuavg of assemblages of slip spheres ofĭ = 0.1 at Re = 200. 
Grid size (ș- × r-) Ȝ = 0.01 Ȝ = 100 Pr = 1 Pr = 50 Pr = 1 Pr = 50 
30 × 30 18.753 202.158 13.268 63.485 
60 × 30 18.211 201.349 12.954 62.025 
60 × 60 18.167 201.085 12.625 61.974 
3.2. Validation 
The comparison of present values of Nuavg for ĭ = 0.1 and ĭ = 0.5 at Re = 1 and Re = 100 for the value of slip 
parameter ȜÆ  (no-slip) of assemblages of solid sphere with Pfeffer and Happel[7] has been presented in Table 2. 
The values of Nusselt number of assemblages of solid particle are in good agreement with those of Pfeffer and 
Happel[7] with no-slip (ȜÆ ) boundary condition. 
Table 2. Comparison of present Nuavg with literature values at ȜÆ  (no-slip) for a Newtonian fluid. 
Re Pe 
ĭ = 0.1 ĭ = 0.5 
Pfeffer and Happel [7] Present Pfeffer and Happel [7] Present 
1 
10 4.103 4.294 9.634 9.734 
50 6.251 6.535 11.143 11.165 
100 100 - - 13.657 13.235 
4. Results and Discussion 
As specified previously, the dimensional considerations propose that the heat transfer from assemblages of 
smooth slip spheres to a continuous phase of shear-thickening fluids (n = 1.4) to be directed by the value of the 
Prandtl number (Pr), Reynolds number (Re), volume fraction of the slip spheres (ĭ), and slip parameter (Ȝ). In this 
study, numerical results are attained to clarify the role of above parameters. Extensive numerical simulations have 
been performed in the following range as the Reynolds number, Re: 0.1 – 200; Prandtl number, Pr: 1 – 100; volume 
fraction of slip sphere, ĭ: 0.1 – 0.5 and a dimensionless slip parameter, Ȝ: 0.01 – 100. 
4.1. Isotherm Contours 
Figure 1shows the isotherm contours around assemblages of smooth slip spheres of volume fraction, ĭ = 0.1 in 
shear-thickening fluids for Pr = 1 (upper half) and Pr = 100 (lower half) at Re = 0.1 (Fig. 1(a-d)) and Re = 100 (Fig. 
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1(e-h)). At all values of slip parameter Ȝ for the diminutive value of Reynolds number, Re = 0.1 and Prandtl number, 
Pr = 1, the isotherm contours are evenly distributed around the smooth spherical particle.  
Fig. 1. Isotherm contours whenĭ = 0.1 for Pr = 1 (upper half) and Pr = 100 (lower half) at Re = 0.1 (a-d) and Re = 100 (e-h). 
However, as the value of Prandtl number and Reynolds number increases, isotherm contours carried in the 
flow direction because of convection dominant and thermal boundary layer becomes thinner. Thus at Pr = 100 
(lower half) and Re = 0.1 (Fig. 1(a-d)), these isotherm contours are partially carried away in the flow direction, 
but at Pr = 100 (lower half) and Re = 100 (Fig. 1(e-h)), substantial amount of isotherm contours are carried 
away in the flow direction. In the case of assemblages of particles there is no flow recirculation at Re = 0.1 and 
negligible flow recirculation at Re = 100. Hence, the distortions in these contours are almost negligible for both 
values of Re.  
4.2. Surface Nusselt Number 
        Fig. 2 shows the variation of  surface Nusselt number Nu around assemblages of smooth slip spherical particles 
of volume fraction of slip spheres, ĭ = 0.1 (Fig. 2(a-d)) and ĭ = 0.5 (Fig. 2(e-h)) in shear-thickening fluids for 
different Prandtl numbers and slip parameters at Re = 100. For small Prandtl number value Pr = 1, there is much less 
transmutation in the Nusselt number value along the surface of the slip sphere. This is due to the fact that at low 
value of Prandtl number, the thermal boundary layer is comparatively thick and mode of heat transfer is through 
thermal diffusion with minute impact of convection. As the value of Prandtl number decreases the value of the 
Nusselt number at the front stagnant point gradually decreases due to the thickening of the thermal boundary layer 
and hence from the increased role of convective heat transfer on the front portion whereas the value of the surface 
Nusselt number at rear end remain almost intact.  
       Therefore, the heat transfer rate increases with increasing Prandtl number. Similar trend are observed for all 
values of slip parameter. Fig. 3 represents the variation of surface Nu around assemblages of slip spherical particles 
of volume fraction, ĭ = 0.5 in shear-thickening fluids for different values of Prandtl number Pr and slip parameter Ȝ
at Re = 0.1 (Fig. 3(a-d)) and Re = 100 (Fig. 3(e-h)). As the slip parameter decreases, the value of surface Nu at front 
stagnant point increases though it is nearly unchanged at the rear end. Therefore the overall rate of heat transfer 
increases as slip parameter value decreases for all values of ĭ. For all values of Prandtl number and slip parameters 
as one go across from the front stagnant point to the rear end the surface Nu value decreases, though for Pr = 1 as slip 
parameter increases the surface Nu value at the front stagnant point decreases, however at the rear end surface Nu 
increases. 
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Fig. 2. Surface Nu around a slip sphere in assemblages of ĭ = 0.1 (a-d) and ĭ = 0.5 (e-h) at Re = 100. 
Fig. 3. Surface Nu along a slip sphere in assemblages of ĭ = 0.5 at Re = 0.1 (a-d) and Re = 100 (e-h).  
4.3. Average Nusselt Number 
Fig. 4 shows the variation of the average Nusselt numbers for shear-thickening fluid flow past assemblages 
of slip sphere of volume fraction of slip spheres, ĭ = 0.1 (Fig. 4(a-d)) and volume fraction of slip sphere, ĭ = 0.5 
(Fig. 4(e-h)) for different Reynolds numbers. The average Nusselt number increased with increasing Peclet number 
at all Reynolds numbers, slip parameter and volume fraction of slip sphere.  
             Though for small values of Peclet number there is insignificant effect on the average Nusselt number for 
small value of slip parameter. Further the average Nusselt number increases with the decrease in the slip parameter 
at all Reynolds numbers, Peclet numbers and volume fraction of slip spheres. This is due to convection near the 
particle surface increases as particle surface becomes approached to full-slip boundary condition i.e. ȜÆ 0 (full-
slip). The Nuavg increases with increasing volume fraction of slip sphere up to Reynolds numbers Re  50, there after 
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some reverse characteristics observed with increasing volume fraction of slip spheres. 
Figure 4. Nuavg of assemblages of slip spheres of ĭ = 0.1 (a-d) and ĭ = 0.5 (e-h) for different values of Re.  
5. Conclusion 
         The estimations of the convective heat transfer rate of assemblages of smooth slip spheres in a shear-
thickening fluid have been acquired for wide scopes of the dimensionless parameters, i.e., Re, Pr, Ȝ and ĭ. 
Regardless of the values of Re, Ȝ, Pr and ĭ, as one moves from the front to the rear end the Nusselt number value at 
the surface of particle decreases. Heat transfer rate decreases as the slip parameter value increases, for all values of 
Re, Pr and ĭ. Nevertheless, for small values of Peclet number, the effect of Ȝ on the surface and average Nusselt 
number is poor and the heat transfer rate is nearly constant, because for low Prandtl numbers Pr § 1 the heat transfer 
is mainly due to the thermal diffusion. For all Reynolds number (Re  50), Prandtl number and the slip parameter, 
the heat transfer rate increases with increasing volume fraction of slip spheres ĭ. With the increasing Peclet number 
from Pe = 1 to Pe = 104, the average value of Nusselt number also increases for 10  Re  100 but for small Pe
values (Pe  1), the average Nu remains nearly constant for Re  1 for entire values of Ȝ at ĭ = 0.1 and ĭ  = 0.5.  
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